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Abstract—This paper investigates the achievable rate and
ergodic capacity of a non-orthogonal amplify-and-forward (NAF)
half-duplex multi-relay network where multiple relays exploit
channel state information (CSI) to cooperate with a pair of
source and destination. In the first step, for a given input
covariance matrix at the source, we derive an optimal power
allocation scheme among the relays via optimal instantaneous
power amplification coefficients to maximize the achievable rate.
Given the nature of broadcasting and receiving collisions in NAF,
the considered problem in this step is non-convex. To overcome
this drawback, we propose a novel method by evaluating the
achievable rate in different sub-domains of the vector channels.
It is then demonstrated that the globally optimal solution can be
derived in closed-form. In the next step, we establish the ergodic
channel capacity by jointly optimizing the input covariance
matrix at the source and the power allocation among the relays.
We show that this is a bi-level non-convex problem and solve it
using Tammer decomposition method. This approach allows us to
transform the original optimization problem into an equivalent
master problem and a set of sub-problems having closed-form
solutions derived in the first step. The channel capacity is then
obtained using an iterative water-filling-based algorithm. Finally,
we analyze the capacity-achieving input covariance matrix at the
source in high and low signal-to-noise ratio (SNR) regimes. At
sufficiently high SNRs, it is shown that the transmit power at
the source should be equally distributed in all broadcasting and
cooperative phases. On the other hand, in low SNR regions,
the source should spend all its power in the broadcasting phase
associated with a relay having the strongest cascaded source-relay
and relay-destination channels.
Index Terms—Achievable rate, channel state information,
distributed water-filling, ergodic capacity, multiple relays, nonorthogonal amplify-and-forward, power adaptation, relay channel.

I. I NTRODUCTION

D

UE to channel impairments such as fading, interference,
and noise, the wireless channels fluctuate randomly
over time. This makes it challenging to design a wireless
communications system with guaranteed performance. One
effective way to enhance the reliability and data rate of
wireless systems is is to employ intermediate network nodes
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that assist each other by relaying transmissions [2]–[5]. In
general, relaying strategies can be categorized as decode-andforward (DF) [6], [7], compress-and-forward (CF) [8], [9],
and amplify-and-forward (AF) [5], [10]–[14]. While DF and
CF relaying usually require high decoding complexity, the AF
scheme is very simple to implement, since the relay only needs
to transmit a scaled version of the signal. As such, AF relaying
is of practical interest and in fact, it has been adopted in major
wireless standards [15].
While early research on AF relaying has mainly devoted
to dual-hop and multi-hop AF relaying systems where the
direct link between the source and destination is not taken into
account (see for example [16]–[21] and references within),
there has been a growing interest in cooperative schemes that
make use of the direct link. It is because by considering
the source to destination link, cooperative AF networks can
further exploit the degrees of freedom of the channel and
provide rate as well as diversity advantages [3], [5], [10]–
[14]. For such schemes, the intermediate nodes (relays) receive
signal from the source during the broadcasting phases and
then transmit the noisy amplified version of that signal to
the destination during the cooperative phases. Different AF
relaying protocols with direct link can be classified into
the orthogonal AF (OAF) protocol and the non-orthogonal
AF (NAF) protocol [3], [4]. In OAF, the source and relays
use separate time slots or orthogonal channels to transmit
signals, i.e., the source only transmits in the broadcasting
phase and remains silent in the cooperative phase. On the other
hand, in NAF, the source-destination link is exploited in both
broadcasting and cooperative phases which maximizes the
degrees of broadcasting and receiving collisions. Specifically,
in the cooperative phase, the source attempts to transmit a
new symbol when the relays forward the received symbols in
the previous phase. In fact, the NAF protocol is considered
to be favorable over other AF schemes, not only from an
information-theoretic point of view [10]–[12], [14], but also
in terms of diversity performance [22], [23]. However, due
to the complexity of broadcasting and receiving collisions,
the analysis and optimization of non-orthogonal networks are
more challenging and have received less attention than the
OAF counterpart [10], [14].
In AF relaying, depending on the availability of the channel
state information (CSI), a relay simply amplifies the noisy
version of the received signal using a suitable amplification
coefficient. For example, by assuming that a relay can only obtain the channel distribution information (CDI) of the sourcerelay channel, the received signal at the relay is scaled by
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a constant-gain coefficient before being transmitted to the
destination [3], [14], [22]. When the relay has an instantaneous
knowledge of the source-relay channel, the channel inversion
(CI) technique can be used to amplify the received signal
at a desired power level [4], [10]. Recently, motivated by
the benefit offered by the cooperation between the relay and
destination, references [24] and [25] have examined NAF and
OAF single-relay systems in which the relay acquires complete
CSI of the source-destination and source-relay links via a
feedback channel from the destination. By assuming a fixed
covariance matrix at the source, it was shown in [24] and
[25] that with CSI, the achievable rate can be significantly
improved over what could be achieved using CDI and CI. The
idea has been recently extended to AF multi-relay networks in
[26] for further improvements, but only for the OAF protocol.
Extending the idea of using CSI at the relays with a suitable
power allocation at the relays and the source to enhance the
performance of an NAF multi-relay system presents many
challenges. First, different from a single-relay system, we need
to take into account power budget constrained on the nodes
globally and locally. Second, the broadcasting and receiving
nature of NAF makes it difficult to analyze and optimize the
fundamental limits. For example, for a fixed input covariance
matrix, obtaining an optimal power sharing scheme among
the relays and the corresponding achievable rate for the NAF
networks in closed-form are already challenging. Finding a
capacity-achieving strategy is even more difficult, since one
needs to simultaneously optimize the input covariance matrix
at the source and the power sharing strategy among the relays.
Motivated by the above discussions, this paper addresses
the achievable rate and ergodic channel capacity for NAF
multi-relay systems with full CSI available at the relays. We
adopt the multi-relay protocol originally proposed in [10],
[27] where the relays take turns to transmit. This multirelay protocol has been widely considered in the literature
[10], [14], [27], [28]. We shall consider both a Total Average
Power Constraint (TAPC) and an Individual Average Power
Constraint (IAPC) imposed on the relay nodes. First, for a
given input covariance matrix, we identify the optimal power
sharing scheme among the relays by means of the optimal
instantaneous power amplification coefficients to maximize the
achievable rate. Due to the nature of the NAF protocol, the
considered problem is not convex. Our method is to modify
the problem by evaluating the achievable rate in different subdomains of the vector channels. It is then shown that the
obtained closed-form solution is indeed the globally optimal
solution of the original problem, which can be understood as
an extended water-filling scheme with the vessels having both
the bottoms and lids. Furthermore, we investigate the capacity
limit of the considered NAF system by jointly examining the
optimal power allocation scheme at the relays and the optimal
input covariance matrix at the source. The optimization problem in this step is a bi-level non-convex problem for which it is
not feasible to derive a closed-form solution. As an alternative,
we effectively utilize the Tammer decomposition method [29]
to transform the original problem to an equivalent master
problem and a set of sub-problems. It is then demonstrated
that the sub-problems have the same closed-form solution as
obtained in the first step. The ergodic capacity can then be
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obtained via an iterative water-filling-based algorithm. Finally,
we analyze the capacity-achieving input covariance matrix
at the source in high and low signal-to-noise ratio (SNR)
regimes. Specifically, we show that at sufficiently high SNRs,
the transmit power at the source should be equally distributed
in all broadcasting phases to achieve the capacity. On the other
hand, in low SNR regimes, it is demonstrated that the source
spends all its power in the broadcasting phase associated with
a relay having the strongest cascaded source-relay and relaydestination channels.
The rest of this paper is organized as follows. Section II
introduces the considered NAF system. Optimal power sharing
schemes at the relays for a given input covariance matrix
are derived in Section III. In Section IV, we address the
optimal power sharing at the relays and the optimal input
covariance matrix at the source simultaneously to achieve the
channel capacity. Section V analyzes the capacity-achieving
input covariance matrix at the source and the corresponding
capacity at high and low SNRs. Numerical results are provided
in Section VI to illustrate the gains of the proposed power
adaptation schemes. Finally, Section VII concludes the paper.
II. S YSTEM M ODEL
A. NAF Multi-Relay Protocol
The half-duplex NAF multi-relay system shown in Fig. 1(a)
consists of N relay nodes, R1 ,...RN , that assist the transmissions between a source (S) and a destination (D) via
multiple cooperation frames as proposed in [10], [27]. The
instantaneous complex channel gains of the S-D, S-Rn and
Rn -D links are denoted, respectively, as hSD , hSRn and
hRDn . Signals are transmitted from the source to the destination via a sequence of cooperative frames, each consisting of
2N time-slots as illustrated in Fig. 1(b). In each cooperative
frame, a relay will only be active in two consecutive timeslots to assist the transmission from S to D while other relays
remain silent or participate in other transmissions. While the
adopted protocol might not be the best multi-relay strategy,
it has been demonstrated in [10], [28] that this protocol
provides superior performance over other AF protocols from
the diversity-multiplexing tradeoff (DMT) perspective and
has the potential to achieve full diversity. Also, by using
this protocol, interference among the relays can be avoided
within the considered systems. Furthermore, in practice, a
relay node can engage in other transmissions when its relaying
function is inactive [10], [27]. Such benefits make this multirelay protocol fundamentally different from other multi-relay
protocols that allow the relays to transmit simultaneously [23],
[30].
For the considered protocol, each cooperative frame is
divided into two N -time-slot phases, the broadcasting phases
and the cooperative phases. Each broadcasting phase is carried
out in the (2n − 1)th time-slots, 1 ≤ n ≤ N . For a given
(2n − 1)th time slot, only the relay Rn stays active and
the source S sends the signal xn,1 to both D and Rn . The
respectively, as
received
√ signals at Rn and D can be written,
√
rn = Es hSRn xn,1 + wn , and y2n−1 = Es hSD xn,1 + vn,1 ,
where ES is a constant related to the transmitted power;
wn , vn,1 are the i.i.d zero-mean circularly symmetric Gaussian
noises with variance N0 , denoted as CN (0, N0 ).
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Fig. 1. (a) The half-duplex NAF multi-relay system. (b) The frame structure of the NAF multi-relay protocol; the solid boxes denote the transmitted signals
and the dashed boxes denote the received signals.

The cooperative phase happens in the 2nth time-slots, 1 ≤
n ≤ N [3]. In particular, the source S transmits a new signal
xn,2 to D, while Rn forwards the amplified version of rn to
D. The received signal at D in the 2nth time-slot is given by

Furthermore, let
h = [hSD , hSR1 , hSR2 , ..., hSRN , hRD1 , hRD2 , ..., hRDN ]T

be the vector channels and μn ES be the instantaneous power
allocated to the relay Rn in one cooperative frame. Using the


full
CSI knowledge, the relays can adjust their instantaneous
y2n = Es hSD xn,2 + hRDn bn ( Es hSRn xn,1 + wn ) + vn,2 ,
transmit power in order to adapt to the current channel
where vn,2 ∼ CN (0, N0 ) and bn is the amplification co- conditions. Thus, the instantaneous value of μn depends on
efficient at the relay Rn . Whitening the noise √
component, h and without loss of generality, we can write μn = μn (h).
ES Hx + Such a variation is reflected in the use of an instantaneous
the NAF system can be written as y =
n, where x = [x1,1 , x1,2 , x2,1 , x2,2 , ..., xN,1 , xN,2 ]T , y = power amplification coefficient bn at each relay Rn , which is
[y1 , y2 , ..., y2N ]T , the equivalent noise n ∼ CN (0, N0 ) given as

and H is a 2N × 2N block diagonal channel maμn (h)ρ
trix
given
by
H
=
diag(H
,
H
,
...,
H
),
with
H
=
n
1
2
N


,
(2)
bn =
2
0
hSD
1
|h
SR
√ 2
n | qn1 ρ + 1
,
and
α
=
is
the
n
2
α b h
h
α h
n n RDn

SRn

1+bn |hRDn |

n SD

noise whitening factor.

with ρ = ES /N0 being the normalized SNR.
We consider two types of power constraint, the TAPC on all
the relays and the IAPC on each relay, which can be written,
respectively, as

B. CSI and Power Constraints
The channels between different nodes in the system are
assumed to be constant during at least one cooperative frame,
and their magnitudes are independently Rayleigh distributed,
i.e., hSD ∼ CN (0, φSD ), hSRn ∼ CN (0, φSRn ) and hRDn ∼
CN (0, φRDn ), where φSD , φSRn and φRDn are the channel
variances. Following references [5], [10]–[14], we also assume
that D has perfect knowledge of the gains of all links. In
addition, as recently considered in [24], such complete CSI
can be made available at each relay using a feedback channel
from the destination.
Suppose that the source S uses Gaussian input signal and
has no CSI knowledge; it has been shown in [14] that the
optimal input covariance matrix is a diagonal matrix given

qn1 0
,
as Q = diag (Q1 , Q2 , ...Qn ), where Qn =
0 qn2




2
2
and qn1 = E |xn,1 | , qn2 = E |xn,2 | . Hence, qn1 ES
and qn2 ES , 1 ≤ n ≤ N , can be interpreted as the average
transmit power of the source in the broadcasting phase and the
cooperative phase, respectively. The average transmit power
constraint at the source can then be expressed as
tr (Q) =

N

n=1

tr (Qn ) =

N

n=1

(qn1 + qn2 ) ≤ PS .

(1)

TAPC :

N


μn (h)f (h) dh ≤ PR ,

(3)

n=1 h

μn (h)f (h) dh ≤ Pn , n = 1, ...N,

IAPC :

(4)

h

where f (h) is the probability density function of the channel
state h, PR is the total average power available for all
relays, and Pn is the average power limit on each relay Rn ,
n = 1, ...N . The assumption of total power constraint is
feasible, due to the fact that the relays and the destination
can be managed directly by the service provider. As such,
the relays and the destination can cooperate to share the total
power constraint. In addition, a network with such a constraint
can serve as a system benchmark to any system with only
individual power constraints due to the constraint on each
individual RF chain.
Finally, it should be noted that when the relays only have
the knowledge of the CDI of the S-Rn link, the amplification
coefficient at relay Rn is [3], [14], [22]:

ρPR
(CDI)
,
(5)
=
bn
N (E[|hSRn |2 ]qn1 ρ + 1)
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On the other hand, when only the CSI of the S-Rn link is
available at the relays, each relay Rn can use the channel
inversion (CI) scheme with the following amplification coefficient [4], [10]:

ρPR
.
(6)
=
b(CI)
n
N (|hSRn |2 qn1 ρ + 1)
C. Achievable Rate and Ergodic Channel Capacity
Given the CSI knowledge at the destination, the sourcedestination instantaneous mutual information can be expressed
as
I(x, y|h)

=

log det[I2N + ρH† HQ],

From (2) and (11), we get Γn = Γn [μn (h)] =

1
max
2 μn (h),n=1,N

(8)

h

Note that the normalization factor of 1/2 is used in (8) to
account for the fact that each transmission from the source
to destination associated with an active relay requires two
channel uses.
By further optimizing the input covariance matrix at the
source and the power allocation at the relays simultaneously,
one can achieve the ergodic capacity of the system, which is
expressed as
C=

1
2

max

Q≥0,tr(Q)≤PS ,
h
μn (h),n=1,N

I (x, y|h)f (h) dh,

(9)

In the following, we shall present the solutions to the
achievable rate R (Q) in (8), and the ergodic capacity C in
(9). In particular, by first considering a fixed input covariance
matrix Q, we derive the closed-form optimal power allocation
solutions at the relays to maximize the achievable rate in (8).
These closed-form solutions will be used in Section IV to
obtain the ergodic capacity.
III. ACHIEVABLE RATE AND OPTIMAL POWER
ALLOCATION AT THE RELAYS

In this section, we shall develop the optimal power sharing
schemes among the relays to maximize the achievable rate
R(Q). For the sake of convenience, let xn = |hRDn |2 , y =
|hSD |2 , zn = |hSRn |2 . Using (7) we obtain
I(x, y|h) =

N

n=1

log det I2 +

ρH†n Hn Qn

=

N


+ρqn1 zn + ρqn1 y + ρqn2 y + 1),
and

where
Γn =

ρ2 y 2 qn1 qn2
qn1 b2n xn zn + qn2 y
+ ρ qn1 y +
2
1 + bn xn
1 + b2n xn

+ 1.
(11)

(13)

Under both TAPC and IAPC, the set of optimal instantaneous
power allocated at the relays {μ∗n (h)} to maximize the achievable rate R(Q) can be obtained by solving the following
optimization problem
max



I (x, y|h)f (h) dh

μn (h)≥0 h
n=1,N
⎧ N


⎪
⎨

s.t.

⎪
⎩



n=1
h
h

(14)

μn (h)f (h) dh ≤ PR ,

μn (h)f (h) dh ≤ Pn .

Let I(x, y|h) = I(µ(h)) where µ(h) = [μ1 (h), . . . , μN (h)].
Differentiating the objective function in (14) with respect to
μn (h) we have
∂
∂μn (h)
∂
=
∂μn (h)
=


h

N


I (μ(h))f (h) dh
h



log (Γn [μn (h)]) f (h) dh

(15)

n=1

∂
∂μn (h)

log (Γn [μn (h)])f (h) dh.
h

Since (15) is a functional derivative of the inner product of
log (Γn [μn (h)]) and f (h), it follows from [31] that:
∂
∂μn (h)

I (μ(h))f (h) dh =
h

=

∂ (log Γn [μn (h)])
f (h) (16)
∂μn (h)

−An
f (h) , (17)
+ Dn μn (h) + En ]

ln(2)[Cn μ2n (h)

where
An = ρ2 xn (ρqn1 zn + 1)(ρqn1 qn2 y 2 + qn2 y − qn1 zn ),
Cn = ρ2 x2n (ρqn1 y + ρqn1 zn + 1),
Dn = ρxn (ρqn1 zn + 1)(2ρqn1 y + ρqn2 y + ρqn1 zn +
ρ2 qn1 qn2 y 2 + 2),
En = (ρqn1 y + 1)(ρqn2 y + 1)(ρqn1 zn + 1)2 .
(18)
Similarly, the second derivatives can be calculated as:

∂2
I (μ(h))f (h) dh
∂μ2 (h)
h

=

logΓn ,
(10)

(12)

Γn2 [μn (h)] = ρμn (h)xn + (ρqn1 zn + 1) .

n

n=1

with

2
2
+(ρ3 qn1
qn2 zn y 2 + ρ2 qn1 qn2 y 2 + ρ2 qn1
zn y + ρ2 qn1 qn2 zn y

(7)

I (x, y|h)f (h) dh.

Γn1 [μn (h)]
Γn2 [μn (h)] ,

Γn1 [μn (h)] = μn (h) (ρqn1 y + ρqn1 zn + 1) ρxn

where † denotes the Hermitian operator and log(.) is the base2 logarithm. Thus, for a given input covariance matrix Q, the
maximum achievable rate (in bits per channel use) of the NAF
system can be defined as
R (Q) =

1493

and

2

An [2Cn μn (h)+Dn ]
f
ln(2)[Cn μ2n (h)+Dn μn (h)+En ]2

∂
∂μm (h)∂μn (h)



h

(h) ,

I (μ(h))f (h) dh = 0 , (m = n).

(19)
It can be verified that while Cn , Dn and En are always
positive, An might be positive, negative or zero depending
on the SNR, power allocation at S, and the instantaneous
channel gains. Hence, the problem in (14) is not concave.
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As a consequence, the Karush-Kuhn-Tucker (KKT) conditions
cannot be applied directly. To overcome this drawback, in
the following, we propose a novel approach by evaluating the
achievable rate in different sub-domains of the vector channels
and show that the globally optimal solution can be obtained.
To this end, let define the feasible set for the problem in (14)
as
N

F = {µ (h) ∈ R |μn (h) ≥ 0,

N


μn (h)f (h) dh ≤ PR }.

n=1 h
2

Furthermore, let γn = ρqn1 qn2 y + qn2 y − qn1 zn . For each
relay Rn , we divide the domain of h into two disjoint regions,
(n)
(n)
hP = {h|γn ≥ 0} and hN = {h|γn < 0}. In the domain
(n)
hP we have An ≥ 0, making the first derivative in (17)
non-positive, thus, I(µ(h)) is a decreasing function of μn (h).
Furthermore, let µ(n) (h) be a vector obtained by replacing the
element μn (h) in µ(h) by zero. It is straightforward to see
that
I (µ (h)) ≤ I(µ

(n)

(h)), ∀h ∈

(n)
hP .

In addition, for any µ ∈ F and n = 1, 2, ..., N , we have

I (µ(h))f (h) dh
h 

=
I (µ(h))f (h) dh +
I (µ(h))f (h) dh
(n)

≤

(n)

hN



hP

I (µ(h))f (h) dh +

(n)





I µ(n) (h) f (h) dh.

(20)

hP

Hence, the objective function in (14) can then be upperbounded as


I (µ(h))f (h) dh
⎞
⎛

N



⎝
≤ N1
I (µ(h))f (h) dh +
I µ(n) (h) f (h) dh⎠,

h

n=1

(n)

(n)

hN

hP

(21)

and one achieves the equality when μn (h) = 0 ∀h ∈
(n)
hP , n = 1, ..., N . Using (21), we then have the following
modified optimization problem:
N


⎛



1
⎝
μn (h)≥0 N n=1
(n)
hN
n=1,N

max

+

(n)
hP

s.t.

I (µ(h))f (h) dh

⎞
 (n) 
I µ (h) f (h) dh⎠



N



n=1 h(n)

n=1



+

(n)

hN

⎞
 (n) 
I µ (h) f (h) dh⎠

(n)

hP

⎛

−λ ⎝PR −
−

N

n=1

⎛

N


⎞



n=1 h(n)

μn (h)f (h) dh⎠
⎞

N

λn ⎝Pn −

(23)


(n)

μn (h)f (h) dh⎠.

hN

Differentiating the Lagrangian in (23) we obtain
∂L(µ(h), λ)
=
∂μ (h)
⎧ n
⎪
⎨

(λ + λn ) f (h) −
⎪
⎩

0,
∂
1
N ∂μn (h)


(n)

(n)

h ∈ hP
(n)
I (µ(h))f (h) dh, h ∈ hN ,

hN

(24)

(n)

hN

conditions. Specifically, the Lagrangian can be written as
⎛
N


⎝
I (µ(h))f (h) dh
L(µ(h), λ) = − N1

(22)

μn (h)f (h) dh ≤ PR .

N

Given that the second term of the objective function in
(22) does not depend on μn (h) and the fact that An < 0
(n)
in the sub-domain hN , the Hessian matrix of the objective
function in (22) is diagonal with strictly negative elements.
Thus, (22) is now a concave optimization problem and any
solution in the form of μn (h) = μ∗n (h) is globally optimal.
The problem in (22) can then be solved using the KKT

By equating the gradient of the above Lagrangian to zero and
solving for μn (h), the globally optimal instantaneous power
allocation μ∗n (h) for the NAF system under both TAPC and
IAPC is finally expressed as
μ∗n (h) =
⎧
⎪
⎪
⎨ ⎛
⎝
⎪
⎪
⎩

0,



 ⎞+
An
2 −4C
−Dn + Dn
n En + ln(2)N (λ∗ +λ∗ )
2Cn

n

An ≥ 0

⎠ , An < 0
(25)

where we have ignored the other root since it violates
the 
non-negativity of μn(h). In (25), we have Dn2 −
4Cn En + ln(2)NA(λn∗ +λ∗ ) > 0. Therefore, the values of
n
μ∗n (h) are always real. In addition, λ∗ ≥ 0 and λ∗n ≥ 0 are
the constants satisfying
⎧
N 

⎪
⎪
⎪
μ∗n (h)f (h) dh ≤ PR ,
⎪
⎪
⎪
n=1 h
⎪
⎪
N 
⎪

⎪
∗
⎪
−
μ∗n (h)f (h) dh = 0,
λ
P
⎪
R
⎨
n=1
h
 ∗
(26)
μn (h)f (h) dh ≤ Pn ,
⎪
⎪
⎪
h
⎪
⎪
⎪
⎪ λ∗ P −  μ∗ (h)f (h) dh = 0,
⎪
n
⎪
n
n
⎪
⎪
h
⎪
⎩
λ∗ + λ∗n > 0.
The two parameters λ∗ and λ∗n depend on the channel distribution f (h), the SNR ρ, and the average power constraints PR
and {Pn }, and they can be found numerically using bisection.
The solution in (25) is an extended water-filling based scheme
over time and space with the vessels having both bottoms and
lids. It can also be observed that the average power allocated
to a particular relay not only depends on its related links but
also depends on all the other links involved in the system.
Hereafter, we shall refer to these schemes as OPA-R schemes.
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From (14), it is easy to see that as long as

N

n=1

Pn < PR ,

TAPC is always satisfied and one needs to consider IAPC only.
If it is the case, the conditions on λ∗ and λ∗n can be simplified
to:
⎧
∗
0,
⎪
λ =
⎪
⎪
⎨
μ∗n (h)f (h) dh ≤ Pn ,
h
(27)
⎪
 ∗
⎪
∗
⎪
⎩ λn Pn − μn (h)f (h) dh = 0.
h

On the other hand, when

N

n=1

Pn ≥ PR , one needs to take into

account TAPC and IAPC simultaneously, which is certainly of
more interest.
Finally, it is noted that if only TAPC is assumed, the optimal
solution μ∗n (h) is simplified to
μ∗n,T AP C (h) =
⎧
⎪
⎪ ⎛

⎨
⎝
⎪
⎪
⎩

0,

2 −4C
Dn
n

−Dn +


An
En + ln(2)N
λ∗

2Cn

 ⎞+

block and Q as the global variable that appears in all the
blocks. Exploiting this property, the Tammer decomposition
method proposed in [29] can be used to effectively address this
problem. The main idea of Tammer decomposition method
is to transform an original optimization problem with high
complexity into an equivalent master problem and a set of subproblems with significantly lower complexity. In our case, if
we temporarily fix the global variable Q, the problem in (29)
can be separated into multiple sub-problems whose solutions
can be verified to be the same as that of the maximizing
the achievable rate problem derived in the previous section.
The capacity can then be obtained by solving the master
problem via an iterative water-filling-based algorithm. The
decomposition process is described in detail in the following.
First, for convenience, let

Λn (Qn , μn (h)) = log det I2 + ρH†n Hn Qn f (h) dh
h

= log (Γn [μn (h)])f (h) dh.
h

An ≥ 0,

where λ∗ > 0 is a constant that satisfies

IV. C HANNEL C APACITY

Λn (Qn , μn (h)).

(31)

n=1

max

In the preceding section, given the diagonal input covariance
matrix Q, we derived the maximum achievable rate R(Q)
of the NAF systems by optimizing the instantaneous power
allocation at the relays. In this section, we investigate the
ergodic capacity of the system by simultaneously optimizing
the diagonal input covariance matrix at the source and the
instantaneous power allocations at the relays. Unless otherwise
stated, we will focus on the case of using both the TAPC
N

Pn ≥ PR , which implies that TAPC and
and IAPC where
n=1

IAPC need to be taken into account simultaneously.
The ergodic capacity of the NAF system can be expressed
as
1
max
C=
I (x, y|h)f (h) dh
2 Q≥0,tr(Q)≤PS ,

s.t.

N


Following Tammer decomposition method, solving the
problem in (29) is equivalent to solving the following master
problem

n=1 h

h

⎧ 
μn (h)f (h) dh ≤ Pn ,
⎪
⎪
⎪
h
⎪
⎪
N 
⎨ 
μn (h)f (h) dh ≤ PR ,
n=1 h
⎪
⎪
⎪ 
N
⎪
⎪
⎩
(qn1 + qn2 ) ≤ PS .

I (x, y|h)f (h) dh =
h

μ∗n (h)f (h) dh = PR .

μn (h),n=1,N

(30)

Then from (10), we can rewrite the objective function in (29)
as follows

⎠ , An < 0,
(28)

N
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(29)

n=1

In general, it is not possible to obtain the closed-form solution
of (29) due to the complexity and non-convexity of the
problem. However, we observe that this problem belongs to
the class of bi-level non-convex optimization problems with
separable objective functions. In particular, we can consider
each μn (h) as a local variable that appears only in one

N


Qn ,n=1,N n=1

Λ∗n (Qn ) s.t.

N


tr (Qn ) ≤ PS ,

(32)

n=1

where Λ∗n (Qn ) is the optimal-value function corresponding
to the nth sub-problem, and it can be written as
Λ∗n (Qn ) = max Λn (Qn , μn (h))
μn (h)≥0
⎧ 
μ (h)f (h) dh ≤ Pn ,
⎪
⎨ h n
N 
s.t.

⎪
μn (h)f (h) dh ≤ PR .
⎩

(33)

n=1 h

The sub-problems in (33) are obtained by setting Q to a
fixed value and they are subject to a global constraint and
multiple individual constraints. Therefore, instead of solving
the sub-problems separately as in [29], we need to solve them
simultaneously. It is straightforward to verify that each subproblem in (33) has the same solution as the problem in (14);
the solution to this problem is shown in (25). Our approach
is to solve the sub-problems and then use the information
obtained from their optimal solution {μ∗n (h)} to determine
the optimal value of Q.
To solve the master problem, our method is to apply the line
search technique using a penalty function Mk [32] to convert
the constrained master problem in (32) into an unconstrained
problem as follows
⎡
2 ⎤

N
N


Λ∗n (Qn ) − Mk PS −
tr (Qn ) ⎦ .
max ⎣
Qn ,n=1,N

n=1

n=1

(34)
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Let
Λ∗ (Q) =

N

n=1


Λ∗n (Qn ) − Mk PS −

N


2
tr (Qn )

, (35)

n=1

in which the optimal-value function Λ∗n (Qn ) in each iteration
is obtained by solving the sub-problems with the closedform solutions given in (25). All the sub-problems in each
iteration are solved and the solutions are used to determine
the new search direction. The value of Q will also be adjusted
accordingly. Note that the sub-problem in (33) is feasible for
N

tr (Qn ) ≤ PS .
all values of Qn satisfying Qn ≥ 0 and
n=1

The iterative algorithm, which is referred to as master solver
(MASSOL), to solve the master problem can then be summarized as follows:
MASSOL Algorithm
(1) (Initialization) Initialize the penalty parameter Mk :=
M0 and the optimality tolerance  := 0 .
(2) (Starting point) Set Q := Q̄ with Q̄ being an initial
point. Solve all the sub-problems in (33) to obtain Λ∗ (Q)
and the gradient ∇Λ∗ (Q).
(3) (Line search) while ( ∇Λ∗ (Q) > ε0 ):
• Generate the descent direction vector p =
−∇Λ∗ (Q).
• Set the initial step length τ := 1 and Q̂ =
diag (q̂11 , q̂12 , ..., q̂n1 , q̂n2 ) where q̂n1 = qn1 +
τ p2n−1 and q̂n2 = qn2 + τ p2n , with p2n−1 and
p2n being the (2n − 1)th and 2nth elements of p,
respectively.
• Solve all the sub-problems in (33), verify the sufficient decrease condition (SDC) and adjust the step
length τ until we find Q̂ that satisfies the SDC.
(4) (Check convergence condition and update penalty
function)

N 

2
2
|q̂n1 − qn1 | + |q̂n2 − qn2 | > 0
if

{Mk }, k = 0, 1, .., tends to infinity when k increases and
Mk+1 > Mk > 0 [33]. In addition, while the starting point
M0 should be relatively small to avoid numerical computation
difficulties, the sequence {Mk } needs to grow quickly to a
large value in order to provide a converged solution [33].
In our implementation, via extensive numerical results, we
observe that using 0 = 10−3 , Mk = 10k , and θ = 10−3
yields a good convergence.
For the MASSOL algorithm, within each iteration, the
solutions of the sub-problems are obtained from (25) and
they are globally optimal. Therefore, during the line search,
the feasible condition of the sub-problems is always satisfied.
As a result, the proposed iterative algorithm is guaranteed
to converge to a local minimizer [29]. In addition, as we
show in Appendix A, Λn (Qn , μn (h)) in (30) is a concave
function of Qn . Since the optimal-value function Λ∗n (Qn ) in
(33) is the point-wise maximum of Λn (Qn , μn (h)), Λ∗n (Qn )
is also a concave function of Qn [34]. It is further noted
that the constraint in (32) is convex in the space of positive
semi-definite matrices [35]. Therefore, the master problem
in (32) is a concave optimization problem of {Qn } and the
local solution is a globally optimal solution. As a result, the
MASSOL algorithm leads to the globally optimal solution. It
should be noted that this property holds for any initial point
Q̄ ≥ 0.
Before closing this section, it is worth mentioning about the
complexity of the proposed iterative water-filling algorithm. It
can be seen that in each iteration, the solution of the subproblem given in (25) requires the calculation of λ∗ and λ∗n ,
n = 1, ...N , using bisection method. The complexity therefore
grows linearly with the number of relays N [36]. To solve the
master problem, the iterative process in the algorithm increases
the running time but not the complexity of the algorithm
[37]. Therefore, we can conclude that the complexity of the
proposed iterative water-filling algorithm increases linearly
with N . This property is important for a system with a large
number of relays.

n=1

- Update Mk := Mk+1 . Set Q = Q̂.
- Solve all the sub-problems in (33) to obtain
Λ∗ (Q) and ∇Λ∗ (Q).
- Go to Step 3.
else Stop.

Note that in the MASSOL algorithm, the gradient ∇Λ∗ (Q)
is calculated as

=

∇Λ∗ (Q) = ∇Λ∗ (q11 , q12 , ..., qn1 , qn2 ) (36)
T
∂∇Λ (Q) ∂∇Λ∗ (Q)
∂∇Λ∗ (Q) ∂∇Λ∗ (Q)
,
, ...,
,
, (37)
∂q11
∂q12
∂qn1
∂qn2
∗

where
∂∇Λ∗ (Q)
Λ∗ [q11 , q12 , .., qnj + θ, ...qn1 , qn2 ] − Λ∗ (Q)
,
=
∂qnj
θ
(38)
for j = 1, 2 and θ is an incremental step set to 10−3 . The
penalty function Mk is determined such that the sequence

V. C APACITY AND C APACITY-ACHIEVING I NPUT
C OVARIANCE AT L OW AND H IGH SNR S
As presented in previous section, the ergodic capacity of the
multi-relay NAF system can be calculated effectively using
iterative water-filling algorithms. In this section, under the
assumptions of high and low SNRs, we further analyze the
capacity-achieving input covariance matrices and the behavior
of the considered system, and obtain the capacity in closedform.
A. High SNR Regime
At sufficiently high SNRs, i.e., when ρ = ES /N0 is
sufficiently large, the function Γn in (11) is dominated by
the term ρ2 . Thus, we obtain the following approximation
ρ2 y 2 qn1 qn2
1 + b2n xn


ρμn (h) xn
= log ρ2 y 2 qn1 qn2 − log 1 +
1 + ρqn1 zn
log Γn ≈ log

(39)
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μn (h) xn
≈ log ρ2 y 2 qn1 qn2 − log 1 +
qn1 zn

.

(40)

Recall that An = ρ2 xn (ρqn1 zn + 1)(ρqn1 qn2 y 2 + qn2 y −
qn1 zn ). Therefore, when ρ is sufficiently large, we have
P (μn (h) = 0) = P (An > 0) ≈ 1,
It then follows that


μn (h) xn
Eh log 1 +
≈ 0.
qn1 zn
Then by combining (10), (40), (42), we have
 N

 2 2


Eh [I (x, y|h)] ≈ Eh
log ρ y qn1 q n2
n=1
 N



μn (h)xn
log 1 + qn1 zn
−Eh
n=1

N



log ρ2 y 2 qn1 q n2
≈ Eh
⎡n=1
⎤
N

≤ Eh ⎣2N log

= 2N log

ρy

n=1

ρφSD PS
2N

(qn1 +qn2 )
2N

(41)

(42)
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and λ̄∗ and λ̄∗n satisfying
⎧
N 

⎪
⎪
⎪
μ̄∗n (h)f (h) dh ≤ PR ,
⎪
⎪
⎪
n=1
h
⎪
⎪
N 
⎪

⎪
∗
∗
⎪
⎪
⎨ λ̄ PR − n=1 μ̄n (h)f (h) dh = 0,
h
 ∗
μ̄n (h)f (h) dh ≤ Pn ,
⎪
⎪
⎪
h
⎪
⎪

⎪
⎪
⎪
λ̄∗n Pn − μ̄∗n (h)f (h) dh = 0,
⎪
⎪
⎪
h
⎪


⎩ ∗
λ̄ ≥ 0, λ̄∗n ≥ 0, λ̄∗ + λ̄∗n > 0.

(47)

Given the above results, the capacity for the considered
system at high SNRs can then be obtained in closed-form
as
 2 2 2
N 

ρ y q
log 1+b̄2 xsn +
C = 12
n
n=1
(48)


h
qs b̄2n xn zn +qs y
+
1
f
(h)
dh,
ρ qs y +
1+b̄2 xn
n

(43)



where
b̄n =

⎦

ρμ̄∗n (h)
,
zn qs ρ + 1

(49)

with μ̄∗n (h) given in (45).


.

B. Low SNR Regime
In (43), the second inequality is obtained by applying CauchySchwarz inequality and the equality is achieved when qn1 =
PS
, n = 1, ...N . In addition, the third equality
qn2 = 2N
N

comes from the fact that
(qn1 + qn2 ) = PS and Eh [y] =
n=1


2
Eh |hSD | = φSD . Therefore, the equal power allocation
at the source over all the transmission phases, referred to as
PS
.
the EPA-S scheme, is optimal. For convenience, let qs = 2N
The optimal input covariance matrix is simply a scaled identity
matrix, and can be expressed as Q = QEP A−S = qs I2N . The
channel capacity can then be simplified to
C = R (QEP A−S ) =

1
2

max

μn (h),n=1,N
h
Q=qs I2N

I (x, y|h)f (h) dh.

(44)
Note that the capacity in (44) can be achieved by incorporating
the EPA-S scheme at the source and the OPA-R scheme at the
relays. By substituting qn1 = qn2 = qs into (25) we obtain the
optimal power allocation at the relays to achieve the capacity
in (44) as

μ̄∗n (h) =

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

In this subsection, we shall investigate the system that operates at low SNR regimes, i.e., when ρ is small. From (10) and
(11), for a given input covariance matrix, the unconditional
mutual information can be calculated as
I (x, y) = Eh [I(x,
 y|h)]
N 
"
2 2
y qn1 qn2
+
1 + ρ 1+b
= Eh log
2x
n n
n=1


q b2 xn zn +qn2 y
ρ qn1 y + n1 n1+b
2x
n

(50)

n

For convenience, let
Fn =

ρ2 y 2 qn1 qn2
qn1 b2n xn zn + qn2 y
+ ρ qn1 y +
2
1 + bn xn
1 + b2n xn

. (51)

When ρ is very small, by ignoring the terms containing high
orders of ρ, we obtain the following approximation:
N
#

(1 + Fn ) ≈ 1 +

n=1

N


Fn .

(52)

n=1

It then follows from (50) that


N

I (x, y) ≈ Eh log 1 +
Fn
n=1


0,
Ān ≥ 0,
N 

⎛

qn2

 ⎞+
=
E
+
q
log
1
+
ρy
h
n1
Ān
2 −4C̄
1+b2n xn
−D̄ + D̄n
n Ēn + ln(2)N (λ̄∗ +λ̄∗ )
n=1
⎜ n
⎟
n


,
Ā
<
0,
⎝
N
⎠
n
2
2
2
 ρ y qn1 qn2 +ρqn1 bn xn zn 
2C̄n
+
1+b2 xn
≤ Eh [log (1 + ρyPS +

N

y 2 qn1 qn2 (1+ρqn1 zn )+qn1 μn (h)xn zn
2
ρ
.
1+ρqn1 zn +ρμn (h)xn

where
Ān = ρ2 xn qs (ρqs zn + 1)(ρqs y 2 + y − zn ),
C̄n = ρ2 x2n (ρqs y + ρqs zn + 1),
D̄n = ρxn (ρqs zn + 1)(3ρqs y + ρqs zn + ρ2 qs2 y 2 + 2),
Ēn = (ρqs y + 1)2 (ρqs zn + 1)2 ,
(46)

n

n=1

(45)

n=1

(53)

The inequality in (53) comes from the fact that

N 
N


qn2
qn1 + 1+b
≤
(qn1 + qn2 ) = PS and we
2x
n

n=1

n

n=1
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achieve the equality when either qn2 = 0 or Eh [bn ] = 0
for each relay Rn , n = 1, ...N . Note that Eh [bn ] = 0 means
the relay Rn is inactive. All schemes achieving the equality
in (53) can then be categorized in two cases as follows.
(i) All the relays are inactive. In this case, the system becomes a direct channel, i.e., we have only a direct transmission
from the source to the destination. It then follows that
$
%
N

2 2
ρ y qn1 qn2 .
(54)
I (x, y) ≈ Eh 1 + ρyPS +
n=1

It can be easily verified that the unconditional mutual informaPS
, n = 1, ...N .
tion in (54) is maximized when qn1 = qn2 = 2N
Then for this case, the maximum information rate can be
expressed as
%
$

N
2
#
PS
1
2 2 PS
+ ρy
1+ρ y
I (x, y) = Eh log
2
2N
N
n=1


1
PS
1
= Eh 2N log 1 + ρy
≈ Eh [ρyPS log e] . (55)
2
2N
2
(ii) At least one relay is active. In this case, without loss
of generality, let K be the set of the active relays. For these
relays, we have
Eh [bk ] = 0 and qk2 = 0, ∀k ∈ K.

(56)

It follows from (53) that
I (x,
 y) =
Eh log 1 + ρyPS + ρ2


k∈K

qk1 μk (h)xk zk
1+ρqk1 zk +ρμk (h)xk



qk1 μk (h) xk zk
ρyPS + ρ
≈ Eh
1 + ρqk1 zk + ρμk (h) xk
k∈K
$

%

2
≈ Eh
qk1 μk (h) xk zk log e
ρyPS + ρ
2

k∈K

$
= Eh

ρyPS +





.



%
log e

(58)

k∈K

where

Ψk (qk1 ) = ρ2 qk1 μk (h) xk zk .

It follows from (56) that
Ak = −ρ2 qxk zk (ρqzk + 1) ≤ 0 k = i, j.

(59)

By comparing (55) and (58), it can be seen that the direct
transmission is suboptimal. Therefore, for a capacity-achieving
scheme, at least one relay must be active. We now consider
an arbitrary pair of relays (Ri , Rj ) in K such that Rj has a
stronger cascaded S-R and R-D channels, i.e., Eh [xj zj ] ≥
Eh [xi zi ]. We then have the following Lemma.
Lemma 1. For the same amount of power q allocated to the
broadcasting phases at the source associated with Ri and Rj
in K, we have Eh [Ψj (q)] ≥ Eh [Ψi (q)].
k
Proof: Let Poff
= Pr[μk (h) = 0], k = i, j, be the probability that the relay Rk is silent at a given cooperative frame.
The probability of the relay Rk being active in that cooperative

(62)

Hence, (61) is equivalent to
ρ2 qxk zk ≤ λ∗ ln(2),

(63)

when ρ is sufficiently small. Furthermore, since
j
i
Eh ρ2 qxj zj > Eh ρ2 qxi zi , we have Pon
> Pon
. As
a result, Eh [μj (h)] ≥ Eh [μi (h)]. Combining this with (60),
we have Ēh [μj (h)] > Ēh [μi (h)] for the system under both
TAPC and IAPC.
From the above analysis, it turns out that we always have
Eh ρ2 qμj (h) xj zj > Eh ρ2 qμi (h) xi zi .

%

Ψk (qk1 ) log e

where Eh [μk (h)] is the average power allocated to relay Rk
under TAPC. Observe from (28) and (62) that under TAPC,
the relay Rk remains silent at a given frame if and only if

Ak
Dk2 − 4Ck Ek +
(61)
≤ −Dk .
ln (2) N λ∗



(57)
Observe that log (1 + x) ≈ x log e when x ≈ 0. Therefore,
when ρ is sufficiently small, we have
I (x, y)
$

k
k
= Pr[μk (h) > 0] = 1 − Poff
. For
frame is therefore Pon
simplicity, assume that the IAPC is the same for all relays.
The average power Ēh [μk (h)] allocated to relay Rk can then
be expressed as
&
Eh [μk (h)] Eh [μk (h)] ≤ Pk ,
Ēh [μk (h)] =
(60)
Pk
Eh [μk (h)] > Pk ,

(64)

Therefore, Eh [Ψj (q)] ≥ Eh [Ψi (q)].
Using Lemma 1, it is then easy to show that for a
given total power allocated to the broadcasting phases at the
source associated with a pair of relays Ri and Rj having
Eh [xj zj ] ≥ Eh [xi zi ], it is more beneficial to allocate all the
power to the broadcasting phase associated with Rj . The result
can be straightforwardly extended to any number of relays.
In particular, for a system having N relays, if Ro has the
strongest cascaded S-R and R-D channels, the optimal power
allocation at the source to achieve the capacity at low SNRs
will be
⎧
⎨ qo1 = PS ,
qn1 = 0 n = 1, ...N, n = o,
(65)
⎩
qn2 = 0
n = 1, ...N.
This power allocation scheme is optimal at low SNR regimes
and it is referred to as the selective power allocation scheme
at the source, denoted as SPA-S. By using this scheme,
one should allocate all the power to the relay having the
strongest channel cascaded by the source-relay and relaydestination links and keep all other relays silent. As a
result, the channel capacity can be simplified to C =
1
I (x, y|h)f (h) dh, and can be easily calculated. In
2 max
μo (h) h

particular, the optimal power adaptation solution at the relay
Ro can be expressed as
⎧
0,
Ao ≥ 0,
⎪
⎪

⎨ ⎛

 ⎞+
A
o
−Do + Do2 −4Co Eo + ln(2)N
μ∗o (h) =
λ∗
o
⎝
⎠ , Ao < 0,
⎪
⎪
2C
o
⎩
(66)

TRAN et al.: ON ACHIEVABLE RATE AND ERGODIC CAPACITY OF NAF MULTI-RELAY NETWORKS WITH CSI

1499

7.5
CSI
CDI
CI

8

6.5

7

Achievable Rate (b/s/Hz)

Achievable Rate (b/s/Hz)

7.5

CSI
CDI
CI

7

6.5
6
5.5
5

6
5.5
5
4.5
4

4.5

3.5

4

3
0

1

2

3

4
SNR (dB)

5

6

7

2.5

8

0

Fig. 2. The achievable rate of different NAF systems over the symmetric
channel.
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h

Therefore, the system ergodic capacity at low SNRs under
both TAPC and IAPC can be written as


ρ2 PS μ∗o (h) xo zo
1
log 1 + ρyPS +
C=
f (h) dh.
2
1 + ρPS zo + ρμ∗o (h) xo
(69)

Achievable Rate (b/s/Hz)

(67)

and λ∗o > 0 is the constant satisfying

h

3

8.5

2

μ∗o (h)f (h) dh ≤ min (Po , PR ) .

2

Fig. 3. The achievable rate of different NAF systems over the asymmetric
channel.

while μ∗n (h) = 0, n = 1, ...N, n = o, with
Ao = −ρ PS xo zo (ρPS zo + 1),
Co = ρ2 x2o (ρPS y + ρPS zo + 1),
Do = ρxo (ρPS zo + 1)(2ρPS y + ρPS zo + 2),
Eo = (ρPS y + 1)(ρPS zo + 1)2 ,

1

7
6.5
6
5.5
5
4.5
4
3.5

0

1

2

3

4
SNR (dB)

5

6

7

8

Fig. 4. The achievable rate of the NAF system with full CSI under both
TAPC and IAPC and under TAPC only over the asymmetric channel.

VI. I LLUSTRATIVE RESULTS
In this section, numerical results are presented to illustrate
the achievable rate and ergodic capacity obtained by our
derived power allocation schemes using CSI. We will only
focus on the systems having three relays, but the results
can be obtained for any number of relays. Unless otherwise
stated, the distance-dependent path-loss channel model [38] is
adopted such that the channel variances depend on the path−v
loss exponent, i.e., φSD = d−v
SD , φSRn = dSRn , φRDn =
−v
dRDn where v = 3 is chosen as the path-loss exponent.
We consider both the symmetric channel in which we set
dSD = dSRn = dRDn = 1, n = 1, 2, 3; and the asymmetric
channel in which we set dSD = 1, dSR1 = dRD1 = 2,
dSR2 = dRD2 = 0.5, dSR3 = dRD3 = 1. In all cases, it
is assumed that PS = PR = 6 and P1 = P2 = P3 = 0.4PR .
A. Achievable Rate: CSI vs. CDI/CI
In this subsection, we shall illustrate the gain in terms of
achievable rate provided by having full CSI at the relays. The
two conventional systems using CDI and CI will be used as
benchmarks for comparison with our OPA-R scheme using

CSI. Fig. 2 first plots the achievable rate of the CSI, CDI,
and CI systems in the symmetric configuration. Note that all
the considered systems use the equal power allocation at the
source and have the same TAPC at the relays. Observe from
Fig. 2 that the CSI system significantly outperforms the CDI
and CI systems. The gains achieved by the CSI system over the
CDI and CI systems are around 0.8dB and 1dB, respectively.
The gain offered by CSI is slightly larger in the asymmetric
configuration. In particular, Fig. 3 provides the achievable
rate of the CSI, CDI, and CI systems in the asymmetric
configuration. Note from Fig. 3 that the gains are as much as
1.1dB and 1.4dB over the CDI and CI systems, respectively.
Again, this gain comes from the flexibility in sharing the
TAPC among three relays, thanks to the knowledge of CSI.
Finally, Fig. 4 compares the achievable rate of the two NAF
systems using OPA-R with full CSI and equal power allocation
at the source under both TAPC and IAPC and under only
TAPC over the asymmetric channel. As expected, there is a
small penalty by imposing individual power constraint on each
relay. The loss is of about 0.2dB at various SNR regions.
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Fig. 5. The achievable rate and ergodic capacity of the NAF systems over
the asymmetric channel in medium and high SNR regimes.
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Fig. 6. The achievable rate and ergodic capacity of the NAF system over
the asymmetric channel in low SNR regimes.
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B. Effects of Power Allocation at the Souce
TAPC
TAPC + IAPC

6.5

i) OPA-S - a capacity-achieving system with optimal power
allocation at the source using our derived results from
the MASSOL algorithm.
ii) EPA-S - a system with equal power allocation at the
source in all the transmission phases, i.e., qn1 = qn2 = 1,
n = 1, 2, 3. As demonstrated in Section V, this system is
optimal at high SNR regimes.
iii) SPA-S - a system using only the relay having strongest
cascaded source-relay and relay-destination channels. In
our configuration, relay R2 is used while relay R1 and
R3 keep silent. The power allocation at the source is:
q11 = q12 = q22 = q31 = q32 = 0, q21 = 6. This scheme
was shown to be optimal at low SNR regimes in Section
V.
iv) PPA-S - a system where the transmit power at the source
is pre-selected as q11 = 2, q12 = 1, q21 = q22 =
0.5, q31 = q32 = 1.
For brevity of the presentation, we only present the results for
the asymmetric channel under both TAPC and IAPC. Similar
results can be obtained for other scenarios.
We first examine the four considered systems at medium
and high SNR regimes. Specifically, the achievable rates of
the four NAF systems are plotted in Fig. 5. It can be seen
that the OPA-S system has the best performance since it is
the capacity-achieving scheme. The OPA-S system provides
significant gains over the SPA-S and PPA-S systems in a wide
range of SNRs and slightly outperforms the EPA-S in medium
SNR regions. At sufficiently high SNRs, the achievable rate of
the EPA-S system approaches the channel capacity achieved
by the OPA-S system, which confirms our analysis about the
optimality of the EPA-S scheme at high SNR regimes.

6
Ergodic Capacity (b/s/Hz)

In this subsection, given the OPA-R scheme at the relays, we
shall examine the impact of power allocation at the source. In
particular, we shall consider the systems with OPA-R scheme
at the relays incorporating with four power allocation schemes
at the source as follows:
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Fig. 7. The ergodic capacity of the NAF system under both TAPC and IAPC
and under TAPC only over the asymmetric channel.

Fig. 6 compares the maximum achievable rates of the
four considered systems at low SNR regions. Given that the
OPA-S system is optimal, it can be seen that the OPA-S
system achieves the best performance. Different from the high
SNR scenario, the OPA-S system provides a gain ranging
from 0.5dB to 2dB over the EPA-S system. When the SNR
decreases, we can see that the SPA-S system achieves the same
rate as that of the optimal OPA-S system, which is consistent
with our analysis about the optimality of SPA-S at low SNRs
in Section V.
C. Channel Capacity under both TAPC and IAPC and under
TAPC only
Finally, in Fig. 7, we compare the capacity limits of two
OPA-S schemes under both TAPC and IAPC and under TAPC
only over the asymmetric channel. Similar to the achievable
rate, we also observe that the rate decreases by imposing the
individual power constraint on each relay. The loss is of about
0.1dB in a wide range of SNRs.
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VII. C ONCLUSION
This paper addressed the achievable rate and ergodic capacity of an NAF multi-relay network with CSI at the relays
by examining the optimal power allocation schemes at the
relays (OPA-R) and at the source (OPA-S) to maximize the
achievable rate. At first, for a given power allocation scheme
at the source, the OPA-R solutions were derived for the
systems under both TAPC and IAPC. It was then shown
that the proposed OPA-R schemes with CSI at the relays
significantly outperform the conventional systems with CDI
and CI. Furthermore, by jointly investigating the OPA-R and
OPA-S schemes, we established the ergodic capacity for the
considered systems. We also demonstrated that at high SNR
regions, the equal power allocation scheme at the source
(EPA-S) incorporated with the OPA-R scheme achieves the
capacity. On the other hand, at low SNR regimes, it was shown
that the capacity can be achieved by using only the relay
with the strongest cascaded source-relay and relay-destination
channels while the source spends all of its transmit power in
the broadcasting phase associated with that relay.
Finally, it is noted that this paper considered an idealized
i.i.d channel. It is certainly of practical interest to investigate a
more realistic channel model such as the spatial channel model
[39], [40]. Under this channel model, one needs to take into
account spatial information such as the angle of departure,
angle of arrival, and the spacing between the transmitter and
receiver. Extending the results in this paper to such a realistic
model is therefore a promising research direction.
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